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1. Determine whether the following statements are TRUE or FALSE with justification.

[a] Let f, g : R→ R be two functions. Then if g ◦ f is injective, then f is injective. [2]

[b] The set of algebraic numbers is uncountable. Note that algebraic numbers are the
roots of polynomials in one variable having integer coefficients. [3]

[c] Let A,B ⊆ (0,∞) be non-empty and bounded sets. Then

sup(AB) = (supA)(supB),

where AB = {ab : a ∈ A, b ∈ B}. [3]

[d] There exists no bounded sequence with infinitely many convergent subsequences. [3]

[e] Let {an} be a bounded sequence and let L ∈ R. If every subsequence of {an} has
a further subsequence converging to L. Then an → L, as n→∞. [3]

2. Let A ⊆ R be non-empty and bounded above.

[a] Prove that there exists a sequence {an} ⊆ A such that

an > supA− 1

n
and an → supA.

[2]

[b] Let s ∈ R satisfies the following: for every ε > 0, there exist a, b ∈ A such that

s− ε < a ≤ s ≤ b+ ε.

Does this imply s = supA? [4]

[c] For each a ∈ A, define

Ba = {x ∈ A : x < a}.

Let S = {supBa : a ∈ A and Ba 6= ∅}. Determine supS. [6]

3. [a] Let {an} be a bounded sequence such that {a2n} and {a2n+1} converges to the
same limit L. Then prove that an → L. [3]

[b] Let

a1 = 1 and an+1 =
an + 2

an + 1
.

Determine whether the sequence {an} converges. If {an} converges then find the limit. [6]

[c] Let

an = sin
(nπ

2

)
+

1

n

Find lim sup an and lim inf an. [5]
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